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NATIONAL AERONAUTICS A;M, SPACE ADMRIISTRATION 

TECHNICAL NOTE D-134 

SOME THRUST AM) TRAJECTORY CONSIDERATIONS FOR I;uNAR LANDINGS 

By Richard J. Weber and Werner M. Pauson 

SUMMARY 

A proposed method f o r  accomplishing soft landings on the moon is  
first t o  es tab l i sh  a circumlunar oYbit and then t o  t ransfer  t o  the lowest 
acceptable a l t i t ude  by a minimum-energy e l l i p t i c a l  path. 
t o  a halt, a v e r t i c a l  descent is  made consisting of f r e e  fa l l  and a f i n a l  
upward t h r u s t  application t o  decelerate the vehicle. The character is t ic-  
velocity increment AV 
6880 f e e t  per second. 

After braking 

f o r  a typ ica l  landing ( s t a r t i ng  from o r b i t )  is  

There i s  l i t t l e  reduction i n  AV to  be gained during e i t h e r  perigee 
deceleration o r  v e r t i c a l  descent by using thrust-mass r a t i o s  i n  excess 
of 2 moon g's. 
s t a r t i n g  e r rors  during v e r t i c a l  descent fo r  high thrust-weight ra t ios .  
If er rors  can be held suf f ic ien t ly  small, constant-thrust engines may be 
adequate. However, a two-to-one t h r u s t  var ia t ion i s  preferable, and as 
l i t t l e  as 10-percent va r i ab i l i t y  is helpful. 

Also, the impact velocity i s  more sensi t ive t o  engine 

. 
INTRODUCTION 

An a r t i f i c i a l  s a t e l l i t e  or  a spaceship t h a t  attempts t o  land on the 
surface of the Ea r th  encounters the d i f f i cu l t i e s  of atmospheric reentry, 
which a re  the subject of much current in te res t  and study. 
seeking t o  land on a planet without an atmosphere w i l l  escape these dif-  
f i c u l t i e s  but ,  i n  turn,  must forego the benef i t s  afforded by an atmosphere: 
(1) deceleration without energy expenditure, and (2)  controlled u t i l i za -  
t i o n  of aerodynamic forces f o r  maneuverability. 
obviously very d i f fe ren t  fo r  the two cases. 

A spaceship 

Landing techniques are  

Many references t o  lunar landings are found i n  the literature - f o r  
example, references 1 t o  7. 
i s  qua l i ta t ive  only. Reference 4 presents a study of landings of an un- 
manned instrument c m r i e r  at moderate t o  high impact speeds, w i t h  empha- 
sis on the nature of the actual  impact. 
description of a hydraul ic  analog for simulating a spaceship f a l l i n g  ver- 
ticallly towaxd the moon. 

However, most of the published information 

Reference 5 is  an in te res t ing  

i 

- 
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A type of f l ight t ra jec tory  f o r  the landing of manned vehicles on 
the  moon is discussed herein. For this nominal t ra jectory,  emphasis is  
placed on the  f ac to r s  influencing select ion of the engine th rus t  level.  
Calculations are made of t he  veloci ty  increments required f o r  each phase 
of the landing. The s e n s i t i v i t y  t o  various kinds of e r ro r s  i s  studied. 

In the analysis t he  vehicle is  t r e a t e d  as a point mass) t h a t  is, ro- 
t a t i o n  about i t s  center of gravity is not considered. 

t 

ANALYSIS AND RESULTS 
i 
C 

Lunar Characterist ics 

For the purposes of t h i s  study, the moon is considered t o  be a non- 
rotat ing homogeneous sphere of radius 940 naut ical  miles, with an accel- 
eration due t o  gravity of 5.32 feet per second per second at the surface. 
I n  actuali ty,  t he  moon i s  believed t o  bulge i n  the direct ion of t h e  Earth 
by about 1 mile, and i ts  equatorial  speed of r o t a t i o n  is 15 feet per sec- 
ond. 
it w a s  f e l t ,  could be neglected i n  the present analysis.  

These a t t r i b u t e s  must  be considered i n  precision calculations but,  

Geographically, the lunar surface i s  quite i r regular ,  w i t h  some 
mountains as high as 25,000 t o  30,000 feet. More generally, however, the 
heights of t h e  mountains and c ra t e r  walls are not greater than 5000 t o  
10,000 feet. 
zontal  motions during landing maneuvers. 

These heights are s ignif icant  insofar as they r e s t r i c t  hori-  

The f i n e  d e t a i l s  of t he  surface that make any par t icu lar  point s u i t -  

(Such f ac to r s  have been discussed i n  refs. 1 and 6, 
able f o r  a landing s i t e  are of great  importance but a r e  not within the 
scope of  t h i s  study. 
e.@;.) 
spect t o  landing procedures i s  t h a t  it possesses no s ignif icant  atmos- 
phere and hence gives rise t o  no aerodynamic forces. 

O f  course, t he  most important charac te r i s t ic  of t he  moon w i t h  r e -  

Basic Flight Path 

I n  general, a spaceship w i l l  approach the  v i c i n i t y  of the  moon with 
It is  probably quite hyperbolic f l i g h t  velocity ( r e l a t ive  t o  the moon). 

feasible  t o  have t h i s  hyperbolic course intercept  the moon, so  tha t  the 
vehicle moves along a more o r  less v e r t i c a l  path w i t h  respect t o  the 
lunar surface, and t o  accomplish a d i r ec t  landing after applying one or 
more bursts of r e t ro th rus t .  
1, f o r  example. An a l te rna t ive  procedure is t o  l e t  t he  hyperbolic path 
m i s s  the moon and, a t  about the point of c losest  approach, br ing the ve- 
h i c l e  into a lunar o r b i t  from which the f i n a l  landing would be made. 
Possible advantages of t h i s  procedure are (1) e r r o r s  i n  the hyperbolic 

This i s  the procedure described i n  reference 
i 

J 
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t ra jec tory  w i l l  affect the lunar o r b i t  t h a t  is established b u t  w i l l  not 
necessarily cause a displacement from the desired landing point, as would 
be the  case f o r  the direct-landing method) and (2) there  is an opportunity 
t o  remain i n  o r b i t  long enough t o  determine precisely the  vehic lecs  posi- 
t i o n  and velocity,  t o  inspect the lunar surface, select a landing point, 
and plan the  descent. Thus, as suggested i n  reference 7, greater assur- 
ance i s  gained of being able t o  achieve a landing at any par t icu lar  de- 
s i r e d  point. 

This second procedure has been adopted i n  the  present study where, 
f o r  the sake of convenience, the o rb i t  has been assumed t o  be c i r cu la r .  
(The means of establishing t h i s  o rb i t  i s  not considered herein.) 
first p a r t  of t he  study it i s  fur ther  assumed t h a t  the desired landing 
point l i e s  on the  lunar great c i r c l e  contained by the o r b i t a l  plane. 

I n  the  

Landings with a horizontal  velocity component were f e l t  t o  be un- 
desirable because of t he  i r regular  surface of the moon. The nominal re- 
quirement w a s  therefore set t h a t  only ve r t i ca l  flight is  permitted near 
t h e  surface. I n  actual i ty ,  of course, some horizontal  motion w i l l  almost 
cer ta inly be present. 
w i l l  depend on the relative d i f f i c u l t i e s  of designing the  guidance t o  re- 
duce the veloci ty  and designing the vehicle t o  t o l e r a t e  higher velocity,  
The problems of achieving small horizontal velocity at impact a r e  not 
t rea ted  i n  t h i s  report .  

The acceptable magnitude of horizontal  velocity 

Description of f l i g h t  path. - A simple concept f o r  performing the  
landing is  t o  reduce the  spaceship velocity t o  zero at the  moment of 
passing over t he  landing point. The spaceship then fa l ls  v e r t i c a l l y  
under t h e  influence of gravity. 
t he  pound, a second impulse i s  applied t o  reduce t h e  velocity again t o  
zero. 
t h rus t  i s  available, and so the velocity reductions cannot be m a d e  
impulsively, 

An instant before the  vehicle s t r i k e s  

This is an idealized procedure i n  t h a t  only a f i n i t e  amount of 

Even f o r  t h i s  idealized impulsive case, a v e r t i c a l  f a l l  i s  an in- 
e f f i c i e n t  way (i.e., costly i n  propellant consumption) t o  lower the  
spaceship a l t i t ude ,  par t icular ly  since uncertaint ies  i n  t h e  hyperbolic 
approach t ra jec tory  may cause the i n i t i a l  o r b i t  t o  be q u i t e  high. It i s  
more e f f i c i e n t  t o  t r ans fe r  first t o  a lower-altitude o r b i t  before com- 
mencing t h e  f i n a l  v e r t i c a l  descent, A cotangent (o r  Hohmann) e l l i p s e  i s  
the  most e f f i c i e n t  t ransfer  process. Because the Hohmann t ransfer  t i m e  
is  only i n  the order of an hour, the more rapid excess-energy paths have 
not been considered (although an argument might be made for the  excess- 
energy paths i n  t h a t  the descent could be carr ied out within s ight  of the 
landing point; the vehicle could then be tracked during descent by the 
landing s t a t i o n  o r  even from E a r t h  i f  the landing point is  on the near 
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6 
side of the moon). The e n t i r e  f l i g h t  path i s  in-  
dicated i n  sketch (a). 
of t he  selected landing posit ion,  a small tangen- 
tial re t ro thrus t  i s  applied t o  the  vehicle, which. 
then descends along the e l l i p t i c a l  path 1-2.  
point 2, the  perigee' of t he  e l l i p s e ,  a second 
retro-fmpulse reduces the velocity t o  zero. 
vehicle then falls  ver t ical ly ,  with a t h i r d  decel- 

point 3.  

At point 1, the antipode 
4 

A t  

? \ The 
u n erat ing impulse applied just before impact at  
w 

\ 
The previously mentioned a l l - v e r t i c a l  descent 

i s  seen t o  be a special  case of t h i s  more general 
maneuver. 

(4 

Perigee a l t i t u d e .  - The characterist ic-velocity increment AV f o r  
accomplishing the landing by means of impulsive t h r u s t  i s  shown i n  f igure 
1 f o r  various perigee al t i tudes.  This AV i s  used as a measure of the 
required propellant consumption, being defined as 

AV = IgE I n  W i  
w i  - wp 

(Symbols a r e  defined i n  appendix A . )  
AV 
i s  often substant ia l ly  greater.  

For t he  idealized impulsive case, 
i s  equal t o  t h e  ac tua l  velocity changej f o r  nonimpulsive cases, AV 

The right end of the curves i n  f igure 1 represents d i r ec t  v e r t i c a l  
descent from the i n i t i a l  o rb i t .  Signif icant  reductions i n  AV can be 
achieved by t ransferr ing f irst  t o  a lower a l t i t u d e  before undertaking the 
f i n a l  ve r t i ca l  descent (unless, of course, the or ig ina l  a l t i t u d e  i s  al- 
ready low). For example, when s t a r t i n g  from a 500,000-foot o rb i t ,  a sav- 
ing i n  AV 
perigee a l t i t ude  of 10,000 f e e t .  
perigee a l t i t ude  i s  set at zero; t ha t  is, the v e r t i c a l  f a l l  is eliminated 
altogether. This, however, v io la tes  t he  requirement of only v e r t i c a l  
f l i g h t  i n  the v ic in i ty  of the surface. 

of 1660 f e e t  per second can be m a d e  by t ransferr ing t o  a 
The greatest  saving is  made when the  

Minimum-energy e l l i p t i c a l  t r ans fe r  t o  a lower a l t i t u d e  followed by 
v e r t i c a l  descent i s  therefore selected as the basic landing maneuver. 
The succeeding sections investigate t h i s  procedure i n  more detai l ,  taking 
in to  account possible t ra jectory e r ro r s  and nonimpulsive retrothrust .  
The equations employed t o  calculate the r e s u l t s  are derived i n  appendix B. 

'For the sake of brevity,  the upper and lower apsides of the circum- 
lunar orbit  a re  designated apogee and perigee. d 
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Departure from Orbit 8 

To i n i t i a t e  the departure from the c i r cu la r  o r b i t ,  re t ro thrus t  is  
applied t o  the vehicle tangent ia l  t o  the f l i g h t  direct ion.  
fers the vehicle t o  an e l l i p se ,  the perigee a l t i t ude  of which depends on 
the magnitude of the retarding impulse. A s  a t y p i c a l  example, i f  the 
i n i t i a l  a l t i tude  i s  500,000 f e e t  (81 naut. m i l e s )  and the  desired perigee 
a l t i t u d e  10,000 feet ,  then the required impulsive i s  109.8 f e e t  per 

change can be accomplished with negligible a l t i t ude  loss; therefore,  no 
nonimpulsive correction need be made here. (Note t h a t  weights given i n  
t h i s  report  a r e  referenced t o  the lunar surface; therefore, the quoted 
values of thrust-weight r a t i o  are i n  terms of lunar g 's .  To convert t o  
Earth 

"his t rans-  

AV, - second. For any F/Wm greater  than about 1/4, t h i s  s m a l l  veloci ty  

4 
U 
0 

g ' s ,  the  given values should be multiplied by 1/6.) 

Even though AV1 i s  a s m a l l  quantity, the perigee a l t i t u d e  of t he  
t r ans fe r  e l l i p s e  i s  very sensi t ive t o  errors  i n  the  magnitude of AVl. 
For instance, i f  the i n i t i a l  a l t i tude  is  500,000 f e e t ,  each e r ro r  of 1 
foot per second i n  AVl alters the perigee a l t i t u d e  by about 4500 f ee t .  
Thus an excess of s l i g h t l y  more than 2 f e e t  per second would cause the 
vehicle i n  the previous example t o  crash. Errors i n  t h r u s t  alinement 
w i l l  raise the perigee a l t i t u d e  and are therefore not as c r i t i c a l  as 
e r ro r s  i n  the magnitude of AV1. 

example, a thrust-alinement e r ro r  of &loo, which i s  ra ther  large,  causes 
an increase of only about 6000 feet i n  the perigee a l t i t u d e .  

Also, t he  perigee al t i tude is  not as 
0 sensi t ive t o  e r r o r s  i n  th rus t  alinement as it is  t o  e r ro r s  i n  AV1. For 

With a fixed-thrust  engine, the magnitude of the AV i s  determined 
only by the  duration of f i r i ng .  
t he  effects of s t a r t i n g  and shutdown transients ,  i f  s ignif icant ,  can be 
minimized by select ing a long f i r i n g  duration. 

Sensit ivity t o  duration e r ro r s  and t o  

This requires a low F/Wm. 

The preceding discussion presupposes t h a t  the elements of t he  i n i -  
t i a l  o r b i t  are known perfectly. Actually, uncertaint ies  i n  determining 
the o r b i t  w i l l  ex i s t  and lead t o  errors at apogee even if AVL 
exactly as planned. 

i s  applied 

I n  the preceding sections it w a s  observed t h a t  t he  perigee a l t i t u d e  
should be high enough t o  avoid interference by surface projections. 
a l t i tude  must now be increased by an amount adequate t o  t o l e r a t e  the ex- 
pected e r r o r s  during the apogee maneuver. 

That 

Perigee Maneuver 

Upon reaching perigee the vehicle must  be decelerated t o  zero hori-  
zontal  velocity.  Since the velocity is somewhat greater  than the  c i r cu la r  
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t orb i t a l  value, the required AV i s  Large. As a numerical example, con- 
s ider  descent from a 500,000-foot o rb i t  t o  a 50,000-foot perigee (acknowl- 
edging the indication of the previous section t h a t  the  perigee should not 
be too low). For t h i s  case the impulsive AV2 is  5586 f ee t  per second. 
Because of the magnitude of t h i s  value and the f ac t  that the velocity is 
being reduced below the o r b i t a l  speed, it is necessary t o  investigate i n  
more de t a i l  the nonimpulsive motion of the vehicle.  

I n  order t o  simplify the analysis,  r e su l t s  f o r  the nonimpulsive 
cases were calculated on the basis of holding the thrust-weight r a t i o  
constant during each maneuver. 
reduction in  weight, t h i s  assumption requires the thrus t  t o  be varied i n  
the same proportion. In  practive,  however, it is  eas ies t  t o  hold the  
thrus t  constant, i n  which case the presented r e su l t s  s t i l l  apply if 
is interpreted as an average value f o r  the maneuver. 

Since the consumption of f i e 1  causes a 

F/Wm 

Horizontal deceleration. - If the vehicle is  spin-stabilized, the 
simplest method of deceleration, with respect t o  guidance, is  t o  leave 
the-vehicle and the thrus t  vector i n  a constant a t t i t ude  u n t i l  motion is  
halted. Although such s t ab i l i za t ion  is  probably not feasible  f o r  manned 
vehicles, calculations were made  f o r  constant-horizontal-attitude f i r i ng .  
(The equations were actually derived for  circumferentially directed 
t h r u s t ,  but the stopping distance is so  short  t ha t  t h i s  corresponds t o  
constant -a t t i tude  f i r i n g  . ) 

As the  vehicle slows down, centr i fugal  force is  insuff ic ient  t o  
maintain a l t i tude ,  and so the vehicle starts t o  f a l l .  By the time hori-  
zontal  deceleration i s  completed, the vehicle i s  lower than the selected 
perigee point and it has some v e r t i c a l  velocity. This is  i l l u s t r a t e d  i n  
f igure 2 as a function of the thrust-weight r a t i o .  
i s  not plotted, since it d i f f e r s  only s l i gh t ly  from the impulsive value 
f o r  F/W, greater than  2. 

The var ia t ion i n  AVz 

The loss i n  a l t i t ude  is  very appreciable at the  lower t h r u s t  levels.  
I n  f a c t ,  f o r  values of l e s s  than 5.3, the a l t i t ude  loss i s  greater  
than 50,000 fee t ,  which means tha t  the vehicle would s t r ike  the ground 
before the horizontal  deceleration is completed. The large a l t i t ude  loss  
t h a t  occurs with intermediate values of 
would not be too serious if the assured perigee a l t i t ude  were r ea l ly  
50,000 feet  above the surface. However, t h i s  i s  merely a nominal value, 
since, as previously pointed out, e r rors  i n  the apogee maneuver coupled 
with the proximity of nearby mountains might reduce the available maneu- 
vering al t i tude t o  considerably l e s s  than 50,000 fee t .  
suff ic ient  time and a l t i tude  f o r  the terminal v e r t i c a l  deceleration, it 
appears that  t h i s  type of perigee deceleration should be accomplished 
with a large 

F/Wm 

F/Wm, between 6 and 10, say, 

I n  order t o  allow 

F/Wm, i n  the order of 10 or  more (i.e.,  about 2 Earth g Is). 

The ve r t i ca l  velocity a t  the conclusion of the maneuver i s  substan- 
t i a l  ( f ig .  2(b)) .  However, it is  of about the same magnitude tha t  would 
ex i s t  had the vehicle been hal ted impulsively at  perigee and then f a l l en  
under gravity through the same decrease i n  a l t i tude .  

J 

The amount of 
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braking a t  the end of f r ee  f a l l  ( i . e . ,  before impact) i s  therefore l i t t l e  
affected by the value of F/Wm fo r  this method of perigee deceleration. . 

Another fac tor  that is significant i s  that considerable horizontal  
Th i s  must distance i s  traveled while the vehicle is being decelerated.  

be allowed f o r  if a par t icu lar  landing spot i s  desired.  

Constant-altitude deceleration. - The use of horizontal  t h rus t  re -  
quires a re la t ive ly  hi& thrust-weight r a t i o  i n  order t o  l i m i t  the  al t i-  

> tude lo s s  during deceleration. This  high F/Wm is undesirable, since a 
N lo 
w I 

low-thrust engine i s  easier  t o  develop and is  more consistent w i t h  the 
requirements of other phases of the landing. Some improvement can be 
m a d e  by ro t a t ing  the engine during deceleration so tha t  the t h r u s t  i s  
al ined w i t h  the velocity vector. This procedure is ident i f ied  by the 
terms "tangential  f i r i ng"  o r  "gravity turn," 
yields  an upwazd component of t h r u s t ,  the a l t i t u d e  l o s s  is  reduced t o  
about half  that suffered with horizontal firing at each value of 

Because tangent ia l  f i r i n g  

F/Wm, 

A t h i r d  method of deceleration is  possible that eliminates the a l t i -  
tude loss ent i re ly .  With a constant-thrust engine t h i s  can be done by 
continuously ro ta t lng  the t b r u s t  vector so that Its v e r t i c a l  component 
increases by the same amount that the centr i fugal  force of the slowing 
vehicle decreases. 
dix B.) The AV requirements f o r  t h i s  procedure are given i n  f igure  3, 
which shows that there  is l i t t l e  penalty i n  using F/Wm r a t i o s  as small 
as 3, or  possibly lower. 
deceleration i s  also shown i n  figure 3 f o r  t h i s  method. 
is  quite large,  although l i t t l e  higher than would e x i s t  f o r  the case of 
horizontal  deceleration had such low thrust-weight r a t i o s  been used. 

(This method is described i n  greater  detail i n  appen- 
1, 

The circumferential displacement during perigee 
The displacement - 

Vert ical  Descent 

After ha l t ing  the vehicle at perigee, f r e e  v e r t i c a l  fa l l  takes 
place. 
ex is t ing  a f t e r  perigee deceleration) m u s t  then be dissipated by engine 
t h r u s t .  
is  reduced t o  zero at  the moment of touchdown. 

The velocity gained during the fa l l  (p lus  any ve r t i ca l  velocity 

The engine must be s t a r t ed  a t  an a l t i t ude  such that the velocity 

Effect of thrust-weight ra t io .  - Figure 4 shows the elapsed time, 
AV, and th rus t - in i t i a t ion  a l t i t ude  for  two perigee a l t i tudes  as a func- 
t i on  of F/Wm. If the thrus t  were inf in i te ,  it could be applied f o r  an 
inf ini tes imal ly short  length of time an ins tan t  before s t r ik ing  the 
ground. With lower values of t h r u s t ,  the engine must be s t a r t ed  sooner 
and applied longer. 

I n  the l imit ing case, the engine thrus t  i s  kept equal t o  the  vehicle 

Keep- 
weight and i s  applied as soon as a desired value of sinking speed i s  
reached (50 f t / sec  after 9.4 sec of fa l l  f o r  the point i n  f ig .  4). 
ing the t h r u s t  on continuously i n  t h i s  fashion probably renders the  ve- 

- h ic l e  more controllable and undoubtedly contributes t o  the p i l o t ' s  peace 
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of mind. However, the AV f o r  t h i s  procedure i s  too high t o  be accepted, 
Free f a l l  followed by a terminal constant-thrust braking appears t o  be a 
more feasible method of v e r t i c a l  descent. Any F/Wm greater  than about 
2 i s  sat isfactory on the basis of AV. A re l iab le ,  rapidly s t a r t i n g  
engine is obviously essent ia l .  It i s  unlikely that t h i s  c r i t i c a l  v e r t i -  
c a l  descent can, in  pract ice ,  be accomplished exactly according t o  plan.  
An investigation was therefore made t o  determine the sens i t i v i ty  of the 
descent t o  various e r rors  i n  applying the f inal  braking t h r u s t .  

Start ing error .  - Once the engine t h r u s t  l eve l  is fixed, then, after 
the  vehicle begins t o  f a l l  from a given perigee a l t i t u d e ,  there  is only 
one instant (or one a l t i tude)  at  which the engine mw be s t a r t ed  i n  order 
t o  have reduced the v e r t i c a l  velocity t o  zero at the moment the  ground is 
touched. F/W, 
values. If the  thrus t  i s  applied too l a t e ,  the vehicle w i l l  have insuf- 
f i c i en t  time t o  slow down and w i l l  s t r i ke  the ground w i t h  f i n i t e  speed. 
Conversely, i f  t h r u s t  is  applied too soon, the  vehicle w i l l  achieve zero 
velocity while s t i l l  some distance above the ground. It is assumed that  
the t h r u s t  is terminated at th i s  condition, and the vehicle then falls  
and hits the ground. 
s i tua t ion  is discussed l a t e r  . ) 

Figure 5 shows the e f f ec t  of s t a r t i n g  e r ro r s  f o r  several  

(The use of t h r u s t  modulation t a  a l lev ia te  this 

It is seen that a given e r ro r  has l e s s  serious consequences if the 
engine is s ta r ted  e w l y  ra ther  than l a t e ,  If’ the e r ror  i s  equally l ike ly  
t o  occur i n  e i the r  direction, it is  therefore preferable t o  plan t o  f i r e  
somewhat ear ly  i n  order t o  have equal tolerance on e i the r  side. The to l -  
erable errors  depend on how great  an impact velocity the vehicle is  de- 
s igned t o  withstand. 

The vehicle is l e s s  sensi t ive t o  s t a r t i n g  errors ,  par t icular ly  t o  
l a t e  stmts,  i f  F/Wm i s  low. This is  because the e r ro r  is  then a 
smaller portion of the t o t a l  burning time. 

I n  th i s  calculation the t h r u s t  was assumed not t o  vary during the 
However, i f  adequate information about the  descent (such as al- descent. 

t i t u d e  and r a t e  of descent) were supplied t o  the p i l o t  or  automatic con- 
t r o l s ,  then the ava i lab i l i ty  of t h r u s t  var ia t ion would make it possible 
t o  compensate f o r  s t a r t i n g  errors .  

The amount of correcting t h r u s t  modulation required t o  a t t a i n  zero 
impact velocity i s  dependent on (1) the magnitude of the s t a r t i ng  error ,  
(2) the  design t h r u s t  level,  and (3) the nature of the guidance and con- 
t r o l  system, I n  order t o  gain some insight  i n t o  the required magnitude 
of modulation without detai led knowledge of i t e m  (3), it was simply as- 
sumed that the vehicle falls  through a given distance 
a t  t he  design value and the t h r u s t  i s  then changed t o  the proper new 
value which is held constant u n t i l  touchdown. 

y w i t h  the  t h r u s t  

P 
u1 
N 
4 

b 

Figure 6 (a) shows that the required modulation var ies  l inear ly  w i t h  
the s t a r t i ng  error  f o r  each design t h r u s t  level .  
t r o l  reaction distance y is  held equal t o  2000 f e e t .  The l e a s t  

I n  t h i s  f igure the con- 
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modulation i s  required f o r  the low thrust  l eve l .  This i s  because th rus t  
i s  i n i t i a t e d  at a higher a l t i t ude  f o r  t h i s  case and, a f t e r  t rave l ing  
through y, a greater  distance is available over which t o  apply the 
corrected t h r u s t .  

Figure 6(b) shows the effect  of varying y f o r  a fixed t i m e  e r ror  
of 1 second. ( In  both par t s  of f ig .  6 the curves are drawn f o r  e a r l y  
f i r i ngs ,  bu t  nearly ident ica l  r e s u l t s  are obtained f o r  l a t e  f i r i ngs .  1 
Again, because of the longer distance available f o r  applying corrected 
t h r u s t ,  the  low-thrust case is  l e a s t  sensit ive t o  var ia t ions i n  y. The 
low-thrust case requires the least t h r u s t  modulation even if y is  taken 
as a percentage of the thrus t - in i t ia t ion  a l t i t ude  (shown by the c i r c l e s )  
ra ther  than a constant. Because of the crudeness of t h i s  analysis it is  
not possible t o  form a def in i te  conclusion. 
cate, however, that s t a r t i ng  e r rors  m a y  be compensated f o r  by varying the 
t h r u s t  i n  the order of 5 t o  10 percent if the design F/Um 

The r e s u l t s  seem t o  indi-  

i s  about 2. 

If’ the engine is capable of providlng wide th rus t  variations,  the 
efficiency of a high-thrust descent can be combined with the controlla- 
b i l i t y  of the continuous-thrust case. I n  this  technique, a period of 
f r ee  f a l l  would be followed by a high-thrust braking impulse f i r e d  early,  
so that the  vehicle is  brought nea r ly  t o  a h a l t  while s t i l l  above the 
surface. 
and the  vehicle would be lowered slowly the  remaining distance, 
penalty f o r  this procedure is not large. For example, consider descent 
*om 50,000 f e e t  with F/Wm of 2. Suppose t h r u s t  i s  i n i t i a t e d  at an al- 
t i t ude  such that the vehicle is decelerated t o  20 f e e t  per second while 
s t i l l  lo00 feet above the surface; F/Wm 
vehicle t rave ls  the remaining distance at constant velocity. The AV 
f o r  t h i s  case is  1248 f e e t  per second, o r  only 216 f e e t  per second higher 
than f o r  the  constant-thrust case. This is perhaps the most desirable 
landing technique, but it requires a re l iable ,  precisely controlled en- 
gine whose t h r u s t  can be varied by at least a fac tor  of 2. 

The t h r u s t  would then be reduced u n t i l  it equalled the w e i g h t ,  
The AV 

i s  then reduced t o  1, and the 

Thrust error .  - Although the engines w i l l  presumably be cal ibrated 
i n  advance, it is  possible tha t  a fixed-thrust engine may not del iver  ex- 
ac t ly  the expected amount of t h r u s t  at the  moment of use. 
various r e l a t i v e  t h r u s t  errors  i s  sham i n  f igure 7,  If the t h r u s t  is  
higher than w a s  anticipated,  the impact velocity is  f a i r l y  sens i t ive  t o  
the design t h r u s t  l eve l ,  being most sensit ive f o r  the low-thrust case. 
If the t b r u s t  is lower than anticipated, the same impact velocity results 
from any given percentage t h r u s t  error, regardless of the design t h r u s t  
level.  

The e f f ec t  of 

A conf l ic t  occurs i n  the th rus t  requirements f o r  minimizing v e r t i c a l  
braking e r ro r s  w i t h  f ixed-thrust  engines. 
when considering timing errors ,  while high t h r u s t s  are desirable here. 
It is probably easier  t o  ca l ibra te  the engine accurately beforehand than 
t o  eliminate timing er rors  while landing, so tha t  a low-thrust engine 
s t i l l  appems preferable fo r  the ve r t i ca l  descent. 

Low thrus ts  were desirable 
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Selection of Landing Point 

The only mention of the landing point up t o  now w a s  t he  assumption 

To land on a par t icu lar  point along t h i s  great c i r c l e ,  
t h a t  it l ay  somewhere on the great c i r c l e  d i r ec t ly  below the o r ig ina l  
circular orb i t .  
it i s  necessary t o  i n i t i a t e  the apogee t ransfer  maneuver at  the  antipode 
of the landing point (actually somewhat ahead of the antipode t o  allow 
f o r  the f i n i t e  deceleration times at apogee and perigee). Timing e r ro r s  
i n  i n i t i a t i n g  the th rus t  at e i t h e r  apogee o r  perigee w i l l  r e s u l t  i n  a 
displacement of t he  actual landing point along the great c i r c l e .  
second of e r ro r  causes a displacement of about 5500 feet. 

Each 
E? 
I u n 

Free-fall  corrections. - After completing the  e l l i p t i c a l  t r ans fe r ,  
it is  desirable t o  be able t o  change the landing point. 
the  sake of correcting errors  o r  t o  permit more precise select ion of a 
suitable landing area, An opportunity is  available t o  do t h i s  during the 
v e r t i c a l  descent. After the perigee deceleration and before the terminal 
braking maneuver; there  is  a period of free fa l l .  
i s  feasible  t o  d i r ec t  the t h r u s t  horizontally and s o  e f f e c t  changes i n  
pos i t  ion. 

'phis may be f o r  

During t h i s  period it 

The m a x i m u m  amount of horizontal  motion t h a t  can be achieved i s  
shown i n  f igure  8. 

of desired displacement. 
desired horizontal  a t t i t u d e  a f t e r  perigee deceleration and must  be turned 
t o  adjust i t s  azimuth direction. After accelerating horizontally the ve- 
h i c l e  mus t  be turned 180' followed by an equal period of deceleration. 
And f i n a l l y  the  vehicle must be ro ta ted  from the horizontal t o  a v e r t i c a l  
a t t i t ude  f o r  the f i n a l  braking t h r u s t ,  Various delay times are given i n  
the figure, where delay time includes decision time and the necessary 
times f o r  t he  three changes i n  vehicle orientation. It i s  apparent that 
long delay times would destroy the  value of t h i s  whole procedure, 

Not a l l  t h e  free-fall period can be ut i l ized.  It 
will take a f i n i t e  length of t i m e  t o  determine the direct ion and amount \ 

I n  general, the  vehicle must be ro ta ted  t o  the 

High perigee a l t i t udes  are helpful,  since they afford longer f r ee -  
f a l l  periods i n  which t o  u t i l i z e  the t h r u s t  horizontally.  High thrust-  
weight r a t i o s  a re  a lso desirable f o r  two reasons: (1) Less time need be 
reserved for the f i n a l  v e r t i c a l  deceleration, leaving a longer period of 
free fa l l  (e.g., f i g .  4);  and (2) higher horizontal  acceleration permits 
moving a grea te r  distance i n  any given period of time. The f igure shows 
t h a t  a high-thrust engine allows very considerable adjustments i n  landing 
point, provided t h a t  delay time can be held t o  a minimum. However, the 
velocity increments f o r  t h i s  maneuver, shown i n  f igure 9, are very large 
f o r  l a rge  pos i t iona l  changes. This technique is  thus not p r a c t i c a l  ex- 
cept f o r  making small corrections. , 

Plane changes. - The method of t he  preceding sect ion allows posi- 
t i o n a l  changes i n  any direction, even away from the or ig ina l  great  c i r c l e .  8 
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Such chaxes ,  however, are of l imited extent - at best i n  the order of 
tens  of miles. It may be desired t o  execute a landing at  a point on the 
moon far from t h i s  great c i rc le .  
t he  plane of the or iginal  c i r cu la r  o rb i t  t o  a new o r b i t  passing over the 
desired landing point. 
described technique. 

One way t o  accomplish this is  t o  change 

Landing may then be carr ied out by the previously 

The AV necessary t o  change planes is given by 

(342) U AV = 2Vc s i n  - 
2 

This equation may be simplified and writ ten i n  terms of 
distance (measured on the  lunar surface) between the  desired landing 
point and the or ig ina l  great c i r c l e ,  giving approximately 

d, the minimum 

AV .I 5.86 d (ft/sec) (B44) 

where d is i n  naut ical  miles. Large values of d are costly t o  
achieve. For example, d of 500 miles requires AV of 2900 feet per 
second. When the l a t i t ude  of the landing s i t e  is less than the inclina- 
t i o n  of t h e  o rb i t ,  another method of making a large posi t ional  change is  
t o  remain i n  the  i n i t i a l  c i r cu la r  o rb i t  and allow the  moon's ro ta t ion  t o  
effect  t h e  change. However, t h i s  procedure may take a long t i m e  because 
of t he  28-day ro ta t iona l  period of t he  moon. 
ing point is  desired, therefore, it i s  best  t o  approach the moon i n i t i a l l y  
i n  such a fashion as t o  permit establishing an o r b i t  t h a t  passes over t h a t  
landing point. 

Whenever a particulax land- 

Impact Velocity 

It has been pointed out t ha t  various e r ro r s  during the v e r t i c a l  de- 
scent ma;y cause the vehicle t o  s t r i k e  the ground with a nonzero velocity.  
The impact velocity can be held t o  a ninimum by placing very exacting re- 
quirements on the guidance and controls (aided perhaps with a varia5le- 
t h r u s t  engine). 
be balanced against t he  penalties of designing the vehicle t o  t o l e r a t e  
higher ve loc i t ies  (stronger s t ructure  and/or shock-absorbing devices) . 
As a crude indication of what impact speeds might be acceptable, the f o l -  
lowing t a b l e  is  presented: 

The d i f f i c u l t i e s  of securing low impact ve loc i t ies  must 

Impact speed, 
f t /sec 

Very hard airplane landing 
Parachuted Matador missile 

( w i t h  shock-absorbing device) 
Parachuted Lockheed X-7 test vehicle 

(with penetration spike) 
Parachuted instrument capsule 

(with penetration spike) 

1 
8z 

27 

50 

55 
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Maneuver 

Apogee t ransfer  
Perigee deceleration at 

Ver t ica l  deceleration 
constant a l t i t u d e  (50,000 f t )  

Note tha t  these values are lower than the  tolerable  impact speed f o r  a 
properly supported man (without benefi t  of shock-absor'bing devices), 
which is  80 f e e t  per second ( re f .  8). 
seems l ike ly  t o  be f ixed by the s t r u c t u r a l  requirements r a the r  than by 
the  human occupants. 

The l imit ing impact speed thus 

F/W, AV, 
f t /sec 

2 100 
3 5750 

2 1030 

SUmmary of Velocity Requirements 

The following table summarizes the  AV requirements f o r  a typ ica l  
lunar landing, s t a r t i n g  from a 500,000-foot c i r cu la r  orb i t .  No energy 
expenditure is  included f o r  correcting the  landing point or f o r  estab- 
l ishing the c i r cu la r  orb i t :  

\ 

If the  change i n  k ine t ic  and poten t ia l  energy between o r b i t  and the  s u r -  
face i s  divided by 
t o  be 70 percent. 
f o r  satell i te-launching t r a j ec to r i e s .  

1 2  -AV , the  overa l l  efficiency of the landing i s  found 2 
This is comparable t o  similarly defined ef f ic ienc ies  

CONCLUDING REMARKS 

A proposed method for  landing on the surface of the moon s t a r t i n g  
from a high-altitude circumlunar o r b i t  i s  t o  t r ans fe r  t o  the  lowest ac- 
ceptable a l t i t u d e  by a minimum-energy e l l i p t i c a l  path. 
a h a l t ,  a v e r t i c a l  descent i s  made consisting of f r e e  f a l l  and a f i n a l  
upward thrust  application t o  decelerate the vehicle. 
t i a l  orb i t  acquisit ion,  this procedure requires a t  l e a s t  four engine 
starts. 

After braking t o  

Including the  i n i -  

To minimize f u e l  consumption, t h e  a l t i t ude  at the perigee of the 
e l l i p s e  should be as low as possible. Factors tending t o  r a i s e  the pe r i -  
gee a r e  the i r r egu la r  lunar surface, allowances f o r  re t ro thrus t  e r ro r s  a t  
apogee, a l t i t u d e  loss  during perigee deceleration, and the  a b i l i t y  t o  
correct the laQding point during v e r t i c a l  descent. 
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i 
Perigee deceleration may be accomplished with no a l t i t u d e  lo s s  by 

proper or ientat ion of the t h r u s t  vector. L i t t l e  reduction i n  AV f o r  
t h i s  maneuver can be gained by increasing the thrust-weight r a t i o  beyond 
2 o r  3. Similarly, i n  the v e r t i c a l  descent, AV is  prohibit ively large 
f o r  F/Wm of 1, but there is l i t t l e  further reduction from F/Wm over 
2. Also, the  impact velocity i s  more sensit ive t o  engine s t a r t i n g  e r r o r s  
during v e r t i c a l  descent f o r  high thrust-weight r a t i o s .  

c Constant-thrust engines w i l l  y ie ld  acceptable impact ve loc i t ies  i f  

\1 0 the various e r ro r s  ( s ta r t ing ,  trajectory,  etc.) can be held suf f ic ien t ly  
s m a l l .  ( I n  a typ ica l  case, the thrus t - in i t ia t ion  al t i tude cannot be per- 
mitted t o  vary by more than a 2 0  f e e t  i n  order t o  l i m i t  the i m  a c t  veloc- 
i t y  t o  50 feet per second even i f  no other e r ro r s  are present.7 However, 
considerably larger  e r ro r s  can be tolerated if the engine possesses some 
t h r u s t  var iab i l i ty ,  As l i t t l e  as 10-percent v a r i a b i l i t y  is helpful, al- 
though a two-to-one var ia t ion i s  probably preferable. 

4 

If delay times a re  not too big, corrections i n  landing point ( i n  the  
order of a few miles) can be made during the v e r t i c a l  descent. 
deviations from the o r ig ina l  great c i rc le  necessi ta te  a change of o r b i t  
plane, which requires a large 

Larger 

AV. 

1 Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, August 6,  1959 
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APPENDIX A 

SYMBOLS 

a 

d 

F 

gE 

&I 
h 

I 

m 

R 

r 

r 

S 

t 

m 

%err 

V 

AV 

VC 

W i  

Wm 

wP 

Y 

acceleration, f t / sec  2 

minimum distance (measured on lunarr surface) between desired 
landing point and o r ig ina l  grea t  c i r c l e ,  naut, miles 

engine t h r u s t ,  lb 

gravi ta t iona l  constant a t  surface of Earth, 32.174 f t / sec2  

accelerat ion due t o  gravity a t  lunar  surface, 5.32 f t / s ec  2 

a l t i t ude ,  f t  

spec i f ic  impulse, sec 

vehicle mass, slugs 

m a x i m u m  horizontal  range during v e r t i c a l  descent, f t  

distance frorn center  of moon, f t  

radius of moon, 5.7fi06 f t  

distance measured on lunar surface, ft  

time, sec 

th rus t - in i t i a t ion  time er ror ,  sec 

vehicle veloci ty ,  f t / s ec  

character is t ic-veloci ty  increment, f t / s ec  

c i rcu lar  o rb i t  velocity,  f t / s ec  

i n i t i a l  vehicle w e i g h t ,  lb 

vehicle w e i g h t  basod on gravity at lunar surface, l b  

propellant w e i g h t ,  lb 

control reac t ion  distance, f t  

Y 
UI 
N 
4 



U angle between o rb i t  planes, deg 

B 

e circumferential  angle, radians 

P 

Subscripts: 

d delay 

X start of v e r t i c a l  deceleration 

1 apogee 

2 perigee 

3 at lunar surf ace 

Superscript 1 

angle between t h r u s t  vector and loca l  horizontal, radians 

grav i ta t iona l  force constant for moon, 1 . 7 2 9 ~ l O ~ ~  ft3/sec2 

d i f fe ren t ia t ion  with respect t o  t i m e  



16 

APPEXDIX B 

DERIVA'I?ON OF EQUATIONS 

Departure from Circular Orbit 

The impulsive velocity increment required t o  t ransfer  from t h e  c i r -  

t;" cular  o r b i t  t o  an e l l i p t i c a l  o r b i t  at  point 1 i n  sketch (a) is  
cn 
N AV1 V c , l  - V 1  031) 4 

where V 1  is the velocity at point 1 on the e l l i p t i c a l  o rb i t .  The veloc- 
i t y  at any point on an e l l i p t i c a l  or'bit is  given by the following (see, 
e.@;., r e f .  9)r  

v =  (B2) 

2 where p = gmrm. Therefore, 

The circular  velocity of an o r b i t  can be expressed as 

v, = fi 
Thus, from equations (Bl), (B3), and (B4), 

Perigee Maneuver 

Impulsive thrust .  - A t  point 2 of sketch (a), o r  perigee, the ve- 
h i c l e  velocity is arrested.  Therefore, 

From equation (BZ), 

' 

- 1  
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Continuous circumferential thrust .  - An approximate solution w a s  

The d i f f e ren t i a l  equations f o r  motion i n  the 
made of t he  d i f f e r e n t i a l  equations of motion, s i m i l a r  t o  the method pre- 
sented i n  reference 10- 
radial  and circumferential direct ions are 

iB9 1 d F - (r&) = -r - cos p 
dt m 

where p is  held equal t o  zero. I n  general, the velocity at the  start 
of the maneuver w i l l  be somewhat higher than the  c i r cu la r  o r b i t  veloci ty  
at the perigee al t i tude.  However, f o r  simplicity,  t h i s  excess velocity 
i s  ignored, ~ and the i n i t i a l  conditions aze .. 

r = r2 r = O  

r = O  i = $ q  
Eliminating 6 from equation (B9) by subst i tut ing from equation (B8), 

F 
d t  

For large values of F/m, the deceleration time w i l l  be small and 
l i t t l e  change i n  radial posit ion will occur. Therefore, r m '2 f o r  any 
t, and 

F 
d t  m 

Integrat ing and applying the i n i t i a l  conditions y ie ld  

.. 
taking F/m as constant. Solving f o r  r gives 

The t i m e  required t o  arrest the perigee motion is  found by combining 
equations (B8) and (B14) and s e t t i n g  8 = 0, giving 
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Or, i n  terms of the thrust-weight r a t i o  at  the lunar surface, the t i m e  
required t o  arrest the perigee velocity i s  

The radial velocity of the vehicle i s  obtained by integrating 
equation (B14) : 

where, from t h e  i n i t i a l  conditions, the constant of integration i s  zero. 
The radial velocity at the  in s t an t  t he  circumferential deceleration i s  
completed i s  found by subst i tut ing equation (B16) i n t o  equation (B17) : 

. - 2 4  r: 
r =  

The r a d i a l  posi t ion at any time i s  obtained 
(B17) : 

by integrat ing equation 

A t  the  completion of circumferential deceleration, the radial posi t ion 
i s  found by combining equations (B15) and (B19), giving 

r f 
4r; (F/wmI 

r = r 2 -  

The decrease i n  a l t i t ude  i s  (r2 - r ) .  Thus, 
4 

rm A h =  

which i s  noted t o  be a small quantity r e l a t i v e  t o  r2 f o r  F/Wm greater  
thaQ about 3, thus confirming the assumption of equation (B12). 

The change i n  circumferential posi t ion during the perigee maneuver 
can be found by integrat ing equation (B8): 

r3 

M 
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Subst i tut ing 'r' from equation (B14) into equation (B22) and again as- 
suming t h a t  r N r2 yie ld  

Integrat ion of equation (B22) gives 

where, from the  i n i t i a l  conditions, the constant of integration is  zero. 
The circumferential angle at  the completion of perigee deceleration can 
be obtained by subst i tut ing t from equation (B15) i n t o  equation (B24): 

The circumferential distance, measured along the lunar surface, through 
which t h e  vehicle t r ave l s  is  

S = rme 

Thus, i n  terms of the thrust-weight ra t io ,  

For low values of F/Wm (e.g,, a), more exact results can be ob- 
tained by the methods discussed i n  reference 10. However, equations 
(B16), (B18), (BZl), and (B27) are sufficiently accurate f o r  the range of 
F/Wm shown i n  f igure 2. (As a check, eqs. (B8) and (B9) w e r e  integrated 
numerically and yielded resul ts  a t  of 6 t h a t  differed by less than 
0.5 percent.) 

F/Wm 

Constant-altitude deceleration. - I n  t h e  procedure f o r  constant- 
a l t i tude  deceleration, the t h r u s t  vector i s  gradually t i l t e d  away from 
i t s  i n i t i a l  horizontal  direct ion so t h a t  i t s  v e r t i c a l  component p l u s  
centr i fugal  force always equal  the vehicle weight. Mathematically, t h i s  
corresponds t o  s e t t i n g  and 'r' equal  t o  zero i n  equations (B8) and 
(B9), yielding 

.. 
e = - -  cos p 

mr 



20 

The required var ia t ion of j3 i s  obtained by d i f fe ren t ia t ing  equa- 
t i o n  (B28) and combining with equation (B29), giving simply 

$ =I 28 

Substi tuting equation (B30) i n  equation (B28) gives 

where the upper l i m i t  i s  obtained by s e t t i n g  0 = 0, 

s i n  2e1 =I 

(B31a) 

After subst i tut ing 
i n  terms of an e l l i p t i c  i n t e g r a l  of t he  first kind (e.g., ref. 11, number 
546) : 

cp = s i n  20 i n  equation (B31a), a solution is  found 

where l/b = s i n  201. Then AV m3y be obtained by 

(B31b) 

Vert ical  Descent 

If the vehicle i s  t o  have no impact velocity upon landing, the veloc- 
i t y  gained during the f r e e - f a l l  portion of the descent must be e q u a l  t o  
t h a t  which can be arrested during the  powered phase. Therefore, 

V, 2 = zgm(h2 - I+) 2% @33) 

assuming g i s  constant. Thus, the a l t i t ude  at which the t h r u s t  must be 
applied is 

h2 
h x =  a 

- + 1  gm 
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v 

The acceleration during the powered phase of the descent is  found 
from a force analysis of the vehicle! 

a = (e - l)g, 

The free-fall f l i g h t  time is 

where s ign i f i e s  t 2  - tx. The time f o r  the powered phase is  

and AV i s  agsin given by equation (B32). 

Correction of Horizontal Posit ion 
t 

The m a x i m u m  horizontal distance through which the vehicle can t r a v e l  
during the f r e e - f a l l  portion of the ve r t i ca l  descent with the s t ipu la t ion  
that the horizontal  velocity at, the en3 of free f a l l  be zero i s  

The horizontal  acceleration of the vehicle i s  

Thus, 
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3 

Plane Change 

In  sketch (b) ,  t he  point A represents the desired landing point, and 
l i n e  BC i s  the or ig ina l  great c i r c l e  whose point of nearest approach t o  
A is  B. I n  
order t o  land at A, t he  plane of the i n i t i a l  o r b i t  must be changed through 
an angle u t o  the new o rb i t  indicated by l i n e  AC. The plane change 
must be effected at point C, the node of the  two o rb i t s ,  which is 90' be- 
fore  the desired landing point f o r  minimum energy expenditure. 

The great c i r c l e  distance between B and A is denoted by a. 

P 

t 

As indicated by the velocity-vector diagram (sketch (c)) ,  t he  orig- 
i n a l  velocity vector Vc at point C must be increased by a vector AV 
such that the magnitude of t he  resu l tan t  is  s t i l l  Vet b u t  the  direct ion 
i s  changed by an angle a. By geometry, then, the required AV f o r  t he  
plane change i s  

If a i s  small, s i n  (a/2) .r u/2. Also, d = rmu. Thus, 

V C d  

rm 
AV = - 

Far orb i t s  close t o  the lunar surface, a general 
per second can be subst i tuted i n  equation (B43): 

(6076) d 
5500 

5.7(106) 

o r  

AV ~ 5 . 8 6  d (ft /sec) 

where d i s  i n  naut ical  miles. 

0343) 

value of V, = 5500 feet  
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( a )  Change i n  pos i t ion .  

Figure 2 .  - Conditions at  completion of per igee dece lera t ion .  Circumferen- 
t i a l  t h r u s t ;  dece lera t ion  s ta r ted  a t  per igee a l t i t u d e  of 50,000 f e e t .  
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(b) Elapsed time and r a d i a l  ve loc i ty .  

Figure 2 .  - Concluded. Conditions a t  completion of per igee dece lera t ion .  
Circumferential t h rus t ;  dece lera t ion  s t a r t ed  a t  perigee a l t i t u d e  of 
50,000 f e e t .  
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Figure 3. - Circumferential displacement and ve loc i ty  increment required fo r  
perigee deceleration at constant a l t i t u d e  of 50,000 f e e t .  
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Figure 4.  - Effect of t h rus t  l eve l  during v e r t i c a l  descent. 
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( b )  Perigee a l t i t ude ,  50,000 f e e t .  

Figure 4 .  - Continued. Effect of t h r u s t  l e v e i  d u r i n g  v e r t i c a l  
descent.  
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( c )  Thrus t  i n i t i a t i o n  a l t i t u d e .  

F igure  4. - Concluded. Ef fec t  o f  t h r u s t  l e v e l  du r ing  v e r t i c a l  
descen t .  
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( a )  Perigee a l t i t u d e ,  10,000 f e e t .  

Figure 5. - Effect  of e r r o r  i n  s t a r t i n g  engine during v e r t i c a l  descent .  
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Figure 5. - Concluded. Effect  of error i n  s t a r t i n g  engine during v e r t i c a l  descent. 
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Figure 7. - Effect  of e r r o r  i n  t h r u s t  l e v e l  during v e r t i c a l  descent. 
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Figure 8. - Maximum hor izonta l  range during v e r t i c a l  descent .  
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Figure 9.  - Velocity increment required for maximum horizontal  
t r a v e l  during v e r t i c a l  descent. 
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